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We consider violation of CHSH inequality for states before and after entanglement swapping. We
present a pair of initial states which do not violate CHSH inequality however the final state violates
CHSH inequality for some results of Bell measurement performed in order to swap entanglement.
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It is well known that any state which violates some
Bell inequality is entangled. However, the converse is
not true – there are states which are entangled but cor-
relations between distant measurements can be explained
in terms of local hidden variables and hence the states do
not violate any Bell inequality [1]. Surprisingly, Popescu
[2] and Gisin [3] showed that if particles in such a state
are first subjected to local measurements then for some
results of the measurements the post-measurement state
can violate Bell inequality.
Let us now suppose that we have two pairs of parti-
cles - the first pair is shared by Alice and Bob and the
second pair is shared by Bob and Charlie. Each pair is
in entangled state which does not violate Bell inequal-
ity. Let the parties perform entanglement swapping, i.e.,
Bob measures his particles in the Bell basis and sends a
result of his measurement to Charlie [4–6]. Charlie per-
forms unitary operation which depends on a result of the
measurement. We answer the following question stated
by Sen et al. [7]: Can the resulting state of Alice’s and
Charlie’s particles violate Bell inequality at least for some
results of Bob’s measurement? for very important class
of Bell inequalities, namely Clauser-Horne-Shimony-Holt
(CHSH) inequalities [8]. In particular we give an exam-
ple of two initial states which do not violate any CHSH
inequality, however, if the parties perform entanglement
swapping, then the final state of Alice’s and Charlie’s par-
ticles violates CHSH inequality for two results of Bob’s
measurement.
Before we proceed to our example we briefly describe
what was done before. In Ref. [7] the authors con-
sidered entanglement swapping in various configurations
with three and more parties. In standard three-partite
scenario they found an example of initial states which
do violate CHSH inequality by some factor and the fi-
nal state violates CHSH inequality by a greater factor.
Moreover, they showed that in more general configura-
tions with at least three pairs of particles the final multi-
particle state (i.e., the state of at least three particles) re-
sulting from generalized entanglement swapping violates
Mermin-Klyshko inequalities [9–13], even if each initial
two-particle state does not violate Bell inequality.
Let us now present our example. As was stated before
we consider three parties – Alice, Bob and Charlie. Alice
and Bob share a state
̺(p, α)AB = (1− p)|Ψ(α)〉〈Ψ(α)|AB + p|00〉〈00|AB, (1)
where
|Ψ(α)〉XY = sinα|01〉XY + cosα|10〉XY . (2)
Bob and Charlie share a state (note the difference in the
last term)
̺(p, α)BC = (1− p)|Ψ(α)〉〈Ψ(α)|BC + p|11〉〈11|BC . (3)
The above states were also used to demonstrate that one
can increase the maximally entangled fraction in the pro-
cess of entanglement swapping [14].
Arbitrary two-qubit state violates CHSH inequality if
and only if the violation parameter r(̺) =
√
λ1 + λ2 is
greater than 1, where λ1 and λ2 are the two largest eigen-
values of the matrix R(̺)TR(̺). R(̺) is defined by its
matrix elements R(̺)ij = Tr(̺σi ⊗ σj), where {σi} are
Pauli matrices [15].
For states in Eqs. 1 and 3 the eigenvalues of the matrix
R(̺)TR(̺) are:
λ1 = (2p− 1)2,
λ2,3 = ((p− 1) sin(2α))2. (4)
Substituting them into the definition of the violation pa-
rameter we find that it is given by
r(p, α) = (1 − p) sin(2α)
√
1 + z(p, α), (5)
where
z(p, α) = max{1,
(
2p− 1
(p− 1) sin(2α)
)2
}. (6)
Let us suppose that Bob performs the Bell measurement
on his qubits, i.e., he performs entanglement swapping.
If he obtains |Φ±〉BB as a result of the measurement,
where
|Φ±〉XY = 1√
2
(|00〉XY ± |11〉XY ), (7)
2then Alice and Charlie share a state (after possible phase
correction)
̺AC =
1
p(|Φ±〉) [(1− p)2 cos2 α sin2 α|Φ+〉〈Φ+|AC +
+p(1− p) sin2 α|01〉〈01|AC ], (8)
where p(|Φ±〉) = (1 − p)2 cos2 α sin2 α + p(1 − p) sin2 α
is probability that Bob obtains |Φ±〉 as a result of the
measurement.
After little algebra we find that the eigenvalues of the
matrix R(̺)TR(̺) for the state in Eq. 8 are:
λ1 =
(
1− y˜(p, α)
1 + y˜(p, α)
)2
,
λ2,3 =
(
1
1 + y˜(p, α)
)2
, (9)
where
y˜(p, α) =
p
(1− p) cos2 α. (10)
Proceeding as before we find that the violation parameter
is given by
r˜(p, α) =
1
1 + y˜(p, α)
√
1 + z˜(p, α), (11)
where
z˜(p, α) = max{1, (1− y˜(p, α))2}. (12)
From Eqs. 5 and 6 we obtain that the initial states do
not violate CHSH inequality (r ≤ 1) if
sin2(2α) ≤ 4p1−p ,
sin2(2α) ≤ (2p−1)2(p−1)2 (13)
and
sin2(2α) ≤ 12(1−p)2 ,
sin2(2α) > (2p−1)
2
(p−1)2 . (14)
From Eqs. 11, 12, and 10 we obtain that the final state
violates CHSH inequality (r > 1) if
cos2 α >
p
(1− p)(√2− 1) . (15)
The last inequality is satisfied if p < p∗, where
p∗ =
√
2− 1√
2
(16)
and α < α∗(p), where
cos2 α∗(p) =
p
(1 − p)(√2− 1) . (17)
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FIG. 1: Dependence of the violation parameter r on α and p
for the initial states (upper graph) and the final state (lower
graph).
From Eqs. 13 and 14 we obtain that for p ∈ (p′, p∗),
where p′ = 12p
∗(1+
√
p∗), and α ≤ α∗(p) the initial states
do not violate CHSH inequality. We also obtain that the
initial states do not violate CHSH inequality for p ≤ p′
and α ≤ α′(p), where
sin2(2α′(p)) =
4p
1− p for p ≤
1
2
p∗ (18)
and
sin2(2α′(p)) =
1
2(1− p)2 for p ≥
1
2
p∗. (19)
In Fig. 1 we present dependence of the violation pa-
rameter r on α and p for the initial states and the fi-
nal state. One can see that there exists a region where
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FIG. 2: Dependence of the violation parameter r on α for p =
0.2 for the initial states (thin line) and the final state (thick
line). Horizontal line denotes critical value of the violation
parameter r = 1.
the states before entanglement swapping do not violate
CHSH inequality and the state after entanglement swap-
ping violates CHSH inequality.
As an example let us consider the initial states with p =
0.2 and α ∈ [0, π/2] (see Fig. 2). On the one hand for α ≤
0.542051 and α ≥ 1.02875 the initial states do not violate
CHSH inequality. On the other hand for α < 0.681089
the final state violates CHSH inequality. Hence for α <
0.542051 the states before entanglement swapping do not
violate CHSH inequality and the state after entanglement
swapping violates CHSH inequality.
In conclusion we demonstrated what was called in Ref.
[7] a kind of ”superaddiditivity” in violation of CHSH
inequality consequent on entanglement swapping. It is an
open question if one can demonstrate ”superadditivity”
in violation of local realism because a state may satisfy
CHSH inequality and violate some other Bell inequality
[16].
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